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µ1.

¢= 4 - 8 = - 4           

B2. (1+i)2010 + (1-i)2010 = [(1+i)2]1005 + [(1-i)2]1005 =

(2i)1005 +(-2i)1005 = (2i)1005 - (2i)1005 = 0
B3.

∫‡ÎÏÔ˜ ÌÂ Î¤ÓÙÚÔ ∫(4, -3) Î·È ·ÎÙ›Ó· Ú=2.
µ4.

(OA) = (OK) - Ú = 3
(√µ) = (√∫) + Ú = 7
¿Ú· 

°1. f(x) = 2x  + ln(x2 + 1). 

f  Û˘ÓÂ¯‹˜

∆Ô ÙÚÈÒÓ˘ÌÔ x2+x+1 ¤¯ÂÈ ¢ = 1 - 4 = -3 < 0 Î·È x2 + 1 > 0
¿Ú· f ’(x) > 0 ÁÈ· Î¿ıÂ 

∂ÔÌ¤Óˆ˜ Ë f ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ R.
°2.

∂ÂÈ‰‹ Ë f Â›Ó·È ÁÓËÛ›ˆ˜ ÌÔÓfiÙÔÓË ¿Ú· Â›Ó·È 1 - 1 ÂÔÌ¤Óˆ˜ 

°3. ∏ f  Â›Ó·È 2 ÊÔÚ¤˜ ·Ú·ÁˆÁ›ÛÈÌË ÁÈ· 

ÕÚ· Ù· ÛËÌÂ›· Î·Ì‹˜ Â›Ó·È (-1, f(-1)) = (-1, -2+ln2)
(1, f(1)) = (1, 2+ln2)

Î·È 

ÂÊ·ÙÔÌ¤ÓÂ˜:
(Â1):y + 2 - ln2 = x+1 y=x -1+ln2
(Â2):y - 2 - ln2 = 3(x-1)  y= 3x -1+ln2
°È· x=0 Ë (Â1) Ù¤ÌÓÂÈ ÙÔÓ ÛÙÔ (0, ln2-1)   Î·È 

Ë (Â2) Ù¤ÌÓÂÈ ÙÔÓ ÛÙÔ (0, ln2-1)

°4.

ÀÔÏÔÁÈÛÌfi˜ ÙÔ˘ 

ı¤Ùˆ u=x2+1
du=2xdx 1/2 du = xdx
x= -1 u=2
x= 1 u=2
ÕÚ· 

∂ÔÌ¤Óˆ˜ 

f Û˘ÓÂ¯‹˜ 

¢1. 

∏ f Û˘ÓÂ¯‹˜ ¿Ú· Ë Û˘ÓÂ¯‹˜ Û˘Ó¿ÚÙËÛË ̂ ˜ ËÏ›ÎÔ 

Û˘ÓÂ¯ÒÓ Û˘Ó·ÚÙ‹ÛÂˆÓ ¿Ú· Ë ·Ú·ÁˆÁ›ÛÈÌË

ÔfiÙÂ Ë f ·Ú·ÁˆÁ›ÛÈÌË ˆ˜ ¿ıÚÔÈÛÌ· ·Ú·ÁˆÁ›ÛÈÌˆÓ Û˘-
Ó·ÚÙ‹ÛÂˆÓ ÌÂ 

¢2. g ·Ú·ÁˆÁ›ÛÈÌË ÁÈ· Î·È

¿Ú· Ë g ÛÙ·ıÂÚ‹
¢3. f(0) = 3
g(0) = 9 ¿Ú· g(x) = 9
f2(x) - 2x f(x) = 9 f2(x) - 2x f(x) = 9 (f(x) - x)2 = 9 + x2

ı¤Ùˆ h(x) = f(x) - x  Î·È  h(x) 0, h Û˘ÓÂ¯‹˜ ¿Ú· ‰È·ÙËÚÂ›
ÛÙ·ıÂÚfi ÚfiÛËÌÔ ÛÙÔ R. 
h(0) = f(0) = 3 > 0 ¿Ú· h(x) > 0  f(x) - x > 0
¢4. £ÂˆÚÒ ÙË Û˘Ó¿ÚÙËÛË 

Ë ÔÔ›· Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ( f Û˘ÓÂ¯‹˜ ) ÔfiÙÂ:

ÕÚ· ‰ËÏ·‰‹ Ë f Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û·.

πÛ¯‡ÂÈ fiÙÈ 

¿Ú· ÛÙÔ R.

Œ¯Ô˘ÌÂ 

⇔ f(t) dt
x

x + 1

 < f(t) dt
x + 1

x + 2

x <  x + 1 ⇔ ϕ(x) < ϕ(x + 1) ⇔ 

ϕ ↑⇔ϕ'(x) > 0
x+1 > x ⇔

f ↑
f(x + 1) > f(x) ⇔ f(x + 1) - f(x) > 0⇔

f′ (x) > 0

⇔ - x2 + 9  < x ⇔ 0 < x + x2 + 9  

x2 < x2 + 9 ⇔ x  < x2 + 9  ⇔ - x2 + 9  < x < x2 + 9  ⇔ 

f ′(x) = 1 + x

x2+ 9
 = x + x2 + 9

x2 + 9

Φ′(x) = f(x+1) - f(x)  

Φ(x) = f(t) dx
x

x+1

,  x ∈ R

⇔ 

≠

f(x) - x = 9 + x2  ⇔ f(x) = x + 9 + x2  ⇔ 
⇔⇔

= 2f2(x) - 2f2(x) + 2x f(x) - 2x f(x)

f(x) - x
 = 0

= 2f(x) f(x)

f(x) - x
 - 2f(x) - 2x f(x)

f(x) - x
 =

g'(x) = 2f(x) f'(x) - 2f(x) - 2x f'(x) =
x ∈ R

f'(x) = x
f(x) - x

 + 1 ⇔ f'(x) = f(x)

f(x) - x
  

t
f(t) - t

 dt
0

x

 

t
f(t) - t

  

f(x) = 3 + t
f(t) - t

 dt
0

x

 + x

f(x) - x = 3 + t
f(t) - t

 dt
0

x

 

f : R → R    f(x) ≠ x 

§Y™H £∂ª∞∆√™ ¢

xf(x) dx = 2x2 dx = 2 x3

3-1

1

 = 2 1
3

 + 1
3

 = 4
3

-1

1

1
22

2

lnu du = 0

⇔
⇔

⇔

xln(x2+1)
-1

1

dx

x 2x + ln(x2+1)  dx
-1

1

 = 2x2dx
-1

1

 + xln(x2+1)
-1

1

dx

ψ′ ψ 

ψ′ ψ 
⇔

⇔

f′(1) = 3f′ (-1) = 1  

f ″(x) = 0 ⇔ 1 - x2 = 0 ⇔ x = ± 1

f″(x) = 2(1-x2)

(x2 + 1)2
   

x ∈ R 

§Y™H £∂ª∞∆√™ °

x2 = 1
x2 = 3x - 2 ⇔ x2 - 3x + 2 = 0 ⇔ x1 = 2

 = 2 (3x - 2) + ln 3x - 2 2 + 1  ⇔ f(x2) = f(3x - 2)

= ln 3x - 2 2 + 1  - ln(x4 + 1) ⇔ 2x2 + ln(x4 + 1) = 

2 x2 - 3x + 2  = ln 3x - 2 2 + 1

x4 + 1
 ⇔ 2x2 + 2 (-3x + 2) = l

x ∈ R

f'(x) = 2 + 2x
x2 + 1

 =
2⋅ (x2+x+1)

x2+1

x ∈ R
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3 ≤ w ≤ 7

(OK) = 42 + (-3)2  = 5  

w - 4 + 3i  = 1 + i - 1 + i  = 2i  = 2

z1,2 =
2 ± i 4

2
 = 1 ± i

→ 1 - i
→ 1 + i

 

z + 2
z

 = 2 z2 - 2z + 2 = 0⇔
z ≠ 0
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